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Abstract. We study the Jaynes-Cummings interaction when initial mixed states,
for the atom or the field, are considered. The evolved mixed field density matrix is
purified to a wavefunction that describes the interaction between a quantised field
and an artificial four-level atom. This allows us to use the Araki-Lieb inequality
to calculate the field entropy from the atomic entropy. We then generate artificial
Hamiltonians that reproduce the field entropy dynamics. We finally show that more
realistic Hamiltonians may be considered by using two entangled two-level atoms.
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Purification Hamiltonians 2
1. Introduction
The atomic inversion for a two-level atom interacting with a quantised [1] field undergoes
collapses and revivals of Rabi oscillations for several initial field states [2, 3]. It is well-
known that such revivals are an indicator of the nature of the quantised field inside the
cavity because the atomic inversion depends on the photon number distribution. As an
example, if a squeezed field is considered, the atomic inversion suffers so-called ringing
revivals that give us information that specific non-classical field was used as an initial
state [4, 5].
The von Neumann entropy [6], together with the atomic inversion may give
information about the generation of nonclassical states, as the first tell us about the
degree of purity of the state while the second, as already mentioned, points out which
photon distribution is used. The entropy may help to decide if a coherent state [7]
or an statistical mixture of them were used, as they both produce the same atomic
inversion [8, 9].
Although the present contribution is devoted to the atom-field interaction, because
of the similarity with other systems such as ion-laser interactions [10–13] or the
propagation of light through waveguide arrays [14, 15], the results obtained here are
also valid for such interactions.
One of the main tasks in the present manuscript is to calculate the entropy of the
field, which we will do with the aid of the Araki-Lieb inequality [16]
| SA − SF |≤ SAF ≤ SA + SF (1)
where SAF is the von Neumann entropy of the composed system, atom and field, SA and
SF are the reduced entropies for the atom and the field, respectively. This inequality
will help us to calculate the entropy of the subsystems if both of them were initially in
pure states.
Because we will consider mixtures as initial states [17], in principle it will not
be possible to use the Araki-Lieb inequality to calculate the entropies, especially the
field entropy. However via purification of the mixed density matrix of the qunatised
field [16, 18, 19], we will be able to use the Araki-Lieb inequality in order calculate the
field von Neumann entropy even in the case of initial statistical mixtures, either for the
atom or the field.
The purification will allow us to define different interaction Hamiltonians (some
artificial, some more realistic) that reproduce the same field entropies.
In next Section we study the atom-field interaction and define the initial mixed
states for the atom and the field that lead us to different interaction Hamiltonians.
Section III treats the case of two two-level atoms in an experimentally feasible
configuration that models the Jaynes-Cummings interaction with mixed states and
reproduces the same field entropies. Section IV is left for conclusions.
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2. Atom-field interaction
First we look at the atom field interaction. We will pay particular attention to initial
conditions where atom or field are initially in mixed states such that the Araki-Lieb
inequality can not be applied directly. We use the well-known Hamiltonian for a two-
level atom interacting with a quantised field under the rotating wave approximation (we
set ~ = 1)
Hˆ = ωaˆ†aˆ+
ωA
2
σˆz + λ(aˆσ
+ + aˆ†σ−), (2)
i.e., the Jaynes-Cummmings model Hamiltonian. In the equation above, the operators
aˆ and σ− are the annihilation operators of the quantised field and the two-level atom
flip operator (one of the Pauli spin matrices) for the |e〉 → |g〉 transition of frequency
ωA, respectively. The field frequency is ω and λ is the atom-field coupling constant.
The interaction Hamiltonian, after getting rid off the free terms, has the form
HˆI = λ(aˆσ
+ + aˆ†σ−). (3)
The evolution operator, UˆI(t) = e
−iHˆI t, reads (in the 2 × 2 matrix representation, in
fact we will pass from this representation to the Pauli spin operators throughout the
manuscript)
UˆI(t) =
(
Cnˆ+1 −iSnˆ+1Vˆ
−iVˆ †Snˆ+1 Cnˆ
)
, (4)
where Cnˆ+1 = cos(λt
√
nˆ+ 1), Snˆ+1 = sin(λt
√
nˆ+ 1) with nˆ = aˆ†aˆ. The operator
Vˆ = 1√
nˆ+1
aˆ is the London phase operator [20].
2.1. Initial state: atom in a pure state and field in an statistical mixture of coherent
states
We consider first the initial mixed state given by
ρˆ(0) = (C |α〉 〈α|+ (1− C) |β〉 〈β|) |e〉 〈e| , (5)
where C ensures normalization and |α〉 (|β〉) is a coherent states of amplitude α (β) [7]
|α〉 = e− |α|
2
2
∞∑
n=0
αn√
n!
|n〉 , (6)
with |n〉 a number state.
By applying the evolution operator to this states, we obtain the evolved density
matrix, ρˆ(t) = UˆI(t)ρˆ(0)Uˆ
†
I (t),
ρˆ(t) =
( |ψ1(t)〉 〈ψ1(t)|+ |ψ3(t)〉 〈ψ3(t)| |ψ1(t)〉 〈ψ2(t)|+ |ψ3(t)〉 〈ψ4(t)|
|ψ2(t)〉 〈ψ1(t)|+ |ψ4(t)〉 〈ψ3(t)| |ψ2(t)〉 〈ψ2(t)|+ |ψ4(t)〉 〈ψ4(t)|
)
, (7)
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with the unnormalized wavefunctions given by
|ψ1(t)〉 =
√
C cos(λt
√
aˆaˆ†) |α〉 ,
|ψ2(t)〉 = − i
√
C Vˆ † sin(λt
√
aˆaˆ†) |α〉 ,
|ψ3(t)〉 =
√
1− C cos(λt
√
aˆaˆ†) |β〉 ,
|ψ4(t)〉 = − i
√
1− C Vˆ † sin(λt
√
aˆaˆ†) |β〉 . (8)
The reduced density matrices for atom and field are the written as
ρˆA =
( 〈ψ1|ψ1〉+ 〈ψ3|ψ3〉 〈ψ1|ψ2〉∗ + 〈ψ3|ψ4〉∗
〈ψ1|ψ2〉+ 〈ψ3|ψ4〉 〈ψ2|ψ2〉+ 〈ψ4|ψ4〉
)
, (9)
and
ρˆF = |ψ1〉 〈ψ1|+ |ψ2〉 〈ψ2|+ |ψ3〉 〈ψ3|+ |ψ4〉 〈ψ4| . (10)
respectively. Purification [19] of the above state gives the wavefunction
|ψ〉 = |ψ1〉 |A1〉+ |ψ2〉 |A2〉+ |ψ3〉 |A3〉+ |ψ4〉 |A4〉 , (11)
so that we have passed from a two-dimensional Hilbert space for the atom, given by the
real states |e〉 and |g〉 to a four dimensional Hilbert space for an artificial atom, given
by the states
|A1〉 =

1
0
0
0
 , |A2〉 =

0
1
0
0
 , |A3〉 =

0
0
1
0
 , |A4〉 =

0
0
0
1
 . (12)
Evolution operator for the artificial atom
There are a number of (artificial) evolution operators that we could imagine that would
render equation (11), among them, the one given by the 4 × 4 matrix in the following
equation
|ψ〉 =

Cnˆ+1 − iSnˆ+1Vˆ 0 0
− i Vˆ †Snˆ+1 Cnˆ 0 0
0 0 Cnˆ+1 − iSnˆ+1Vˆ
0 0 − i Vˆ †Snˆ+1 Cnˆ


√
C |α〉
0√
1− C |β〉
0
 , (13)
with the artificial initial pure state given by
|ψ(0)〉 =

√
C |α〉
0√
1− C |β〉
0
 = √C |α〉 |A1〉+√1− C |β〉 |A3〉 . (14)
Because the evolution operator is the exponential of the Hamiltonian, namely
Uˆ = exp(−itHˆ) (15)
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we can determine the artificial Hamiltonian that produces the purified state (11), that
would represent the interaction between the artificial four-level atom and the quantised
field
Hˆ = λaˆ(|A1〉 〈A2|+ |A3〉 〈A4|) + λaˆ†(|A2〉 〈A1|+ |A4〉 〈A3|) . (16)
2.1.1. Atom and field entropies The von Neumann entropy [6] for the a density matrix,
ρˆ, is defined as
S = −Tr {ρˆ ln ρˆ} . (17)
Entropies
For the initial mixed state ρˆ(0) = (C |α〉 〈α|+ (1− C) |β〉 〈β|) |e〉 〈e| it is easy to find
the it is easy to find the atomic entropy
SA = −Λ1 ln Λ1 − Λ2 ln Λ2 (18)
and the field entropy, because the initial state in Equation (13) is in a pure state, we
can obtain it from the four-level atom’s entropy
SF = −λ1 lnλ1 − λ2 lnλ2 − λ3 lnλ3 − λ4 lnλ4 . (19)
In the above equations, Λj, j = 1, 2, are the eigenvalues of the matrix (9) and
λj, j = 1, . . . , 4, eigenvalues of the matrix ρˆAA (artificial atom)
ρˆAA =

P11 P
∗
12 P
∗
13 P
∗
14
P12 P22 P
∗
23 P
∗
24
P13 P23 P33 P
∗
34
P14 P24 P34 P44
 , (20)
with Pij = 〈ψi|ψj〉 for all i, j ∈ {1, 2, 3, 4}.
2.2. Initial state: field in pure state and atom in statistical mixture
In this subsection we will basically produce the same equations as in the former, except
for the fact that the different initial condition will produce some subtle differences. For
the initial condition
ρˆ(0) = (C |e〉 〈e|+ (1− C) |g〉 〈g|) |α〉 〈α| , (21)
we obtain the evolved density matrix
ρˆ =
( |Ψ1(t)〉 〈Ψ1(t)|+ |Ψ3(t)〉 〈Ψ3(t)| |Ψ1(t)〉 〈Ψ2(t)|+ |Ψ3(t)〉 〈Ψ4(t)|
|Ψ2(t)〉 〈Ψ1(t)|+ |Ψ4(t)〉 〈Ψ3(t)| |Ψ2(t)〉 〈Ψ2(t)|+ |Ψ4(t)〉 〈Ψ4(t)|
)
, (22)
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where now the unnormalized wavefunctions are given by
|Ψ1(t)〉 =
√
C cos(λt
√
aˆaˆ†) |α〉 ,
|Ψ2(t)〉 = − i
√
C Vˆ † sin(λt
√
aˆaˆ†) |α〉 ,
|Ψ3(t)〉 = − i
√
1− C sin(λt
√
aˆaˆ†)Vˆ |α〉 ,
|Ψ4(t)〉 =
√
1− C cos(λt
√
aˆ†aˆ) |α〉 , (23)
and the differences with the former case may be noted in the forms of |Ψ3〉 and |Ψ4〉.
The reduced density operators take the same form as before
ρˆA =
( 〈Ψ1|Ψ1〉+ 〈Ψ3|Ψ3〉 〈Ψ1|Ψ2〉∗ + 〈Ψ3|Ψ4〉∗
〈Ψ1|Ψ2〉+ 〈Ψ3|Ψ4〉 〈Ψ2|Ψ2〉+ 〈Ψ4|Ψ4〉
)
, (24)
ρˆF = |Ψ1〉 〈Ψ1|+ |Ψ2〉 〈Ψ2|+ |Ψ3〉 〈Ψ3|+ |Ψ4〉 〈Ψ4| , (25)
for the atom and field, respectively.
Purification of the state (25) gives the wavefunction
|Ψ〉 = |Ψ1〉 |A1〉+ |Ψ2〉 |A2〉+ |Ψ3〉 |A3〉+ |Ψ4〉 |A4〉 (26)
that may be obtained now from the initial state
|ψ(0)〉 =

√
C |α〉
0
0√
1− C |α〉
 = (√C |A1〉+√1− C |A4〉) |α〉 . (27)
with the evolution operator
Uˆ =

Cnˆ+1 − iSnˆ+1Vˆ 0 0
− i Vˆ †Snˆ+1 Cnˆ 0 0
0 0 Cnˆ+1 − iSnˆ+1Vˆ
0 0 − i Vˆ †Snˆ+1 Cnˆ
 , (28)
and, therefore, the artificial Hamiltonian given as before
Hˆ = λaˆ(|A1〉 〈A2|+ |A3〉 〈A4|) + λaˆ†(|A2〉 〈A1|+ |A4〉 〈A3|) . (29)
Entropies
For the initial mixed state ρˆ(0) = (C |e〉 〈e|+ (1− C) |g〉 〈g|) |α〉 〈α| , the von Newmann
entropies associated to the field and the atom are
SA = −Λ1 ln Λ1 − Λ2 ln Λ2 (30)
and
SF = −λ1 lnλ1 − λ2 lnλ2 − λ3 lnλ3 − λ4 lnλ4 , (31)
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Figure 1. The figure (above) shows the atomic (solid line) and field (dashed line)
entropies for the initial state ρˆ(0) = (C |α〉 〈α|+ (1− C) |β〉 〈β|) |e〉 〈e|, with C = 0.5
and α = −β = 4.0. Below we plot the atomic inversion W (t) = Pe(t) − Pg(t) where
Pe(t) (Pg(t)) is the probability to find the two-level atom in its excited (ground) state.
Figure 2. We plot the Wigner fucntion for the state given in Fig. 1 at a time
t ≈ 12.54/λ.
respectively. The Λj j = 1, 2 correspond to the eigenvalues of the atomic density matrix
(24) and λj j = 1 . . . 4 are the eigenvalues of ρˆAA (the artificial atom)
ρˆAA =

P11 P
∗
12 P
∗
13 P
∗
14
P12 P22 P
∗
23 P
∗
24
P13 P23 P33 P
∗
34
P14 P24 P34 P44
 , (32)
with Pij = 〈Ψi|Ψj〉 for each i, j ∈ {1, 2, 3, 4}.
From Fig. 1 we find that the field entropy takes the initial value ln 2 because the
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field was prepared in an statistical mixture of coherent states. On the other hand, in
figure (3) the field entropy is zero for t = 0 as the field was prepared in a pure state. It
may also be seen that the field becomes purer at some times after evolution.
In Fig. 1 (below), we plot the atomic inversion as a function of time,
W (t) =
∞∑
n=0
Pn cos(λt
√
n+ 1). (33)
We may note the usual behaviour of it: a collapse region that is produced by the initial
mixture of two coherent states (as it has the same photon distribution of a coherent
state). The initial coherent states located at x = α and x = −α separate in two spots
each, travelling in opposite directions (clockwise and anticlockwise). As they collide at
x = 0 in phase space (this may be seen in Fig. 2, where we plot the Wigner function [21])
there is no effect in the atomic inversion. However, this collision may be noted in the
oscillations presented by the field entropy (Fig. 1 - above part).
We want to stress that, to the best of our knowledge, effects of the collision of
coherent states that form an statistical mixture had not been shown before.
Figure 3. We plot the atomic (solid line) and field (dashed line) entropies for the
initial state ρˆ(0) = (C |e〉 〈e|+ (1− C) |g〉 〈g|) |α〉 〈α|, with C = 0.5 and α = 4.0.
Fig. 3 shows the atomic and field entropies for the atom initially in a mixed state
and the field in a coherent state, Equation (21). It may be seen that the atom starts
initially maximally mixed to become purer after evolution while the field entropy grows
towards the value ln 4, predicted by the state in Equation (26).
In order to conclude this Section we may say that the Jaynes-Cummings
model with different initial conditions, for instance the non-pure states ρˆ(0) =
(C |α〉 〈α|+ (1− C) |β〉 〈β|) |e〉 〈e|, or ρˆ(0) = (C |e〉 〈e|+ (1− C) |g〉 〈g|) |α〉 〈α| may be
mimicked by the interaction between an artificial four-level atom and a quantised
field with initial conditions given by pure entangled states |ψ(0)〉 = √C |α〉 |A1〉 +√
1− C |β〉 |A3〉 and pure non-entanglend state |ψ(0)〉 = (
√
C |A1〉 +
√
1− C |A4〉) |α〉,
respectively.
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3. Two-atom Hamiltonian leading to purification
Consider now the Hamiltonian given in Equation (1) but with an extra atom outside
the cavity
Hˆ = ωaˆ†aˆ+
ωA
2
σˆz,1 + λ[aˆσ
+
1 + aˆ
†σ−1 ] +
ωa
2
σˆz,2, (34)
where ωa is the second atom’s atomic transition frequency. The Pauli spin operators
have been indexed 1 and 2 for the different atoms.
By going to the interaction picture, i.e., getting rid off the free Hamiltonians, we
can obtain the evolved state from the initial state [22]
|ψ(0)〉 = 1√
2
|α〉(|e1〉|e2〉+ |g1〉|g2〉) (35)
as
|ψ(t)〉 = 1√
2
(
cos(λt
√
nˆ+ 1)|α〉|e1〉|e2〉 − iVˆ † sin(λt
√
nˆ+ 1)|α〉|g1〉|e2〉
)
(36)
− 1√
2
(
i sin(λt
√
nˆ+ 1)Vˆ |α〉|e1〉|g2〉+ cos(λt
√
nˆ)|α〉|g1〉|g2〉
)
.
Note that the initial state (35) has an atom-atom entangled state while the field is
initially in a coherent state.
By identifying |e1〉|e2〉 → |A1〉, |e1〉|e2〉 → |A2〉, |g1〉|e2〉 → |A3〉 and |g1〉|g2〉 → |A4〉,
we recover the purified state (23) for C = 0.5.
If instead we use an initial state of the form [23]
|ψ(0)〉 = 1√
2
|e1〉(|α〉|e2〉+ | − α〉|g2〉) (37)
i.e., now we consider atom one in its excited state and atom two entangled with the
field, we obtain the evolved wavefunction as
|ψ(t)〉 = 1√
2
(
cos(λt
√
nˆ+ 1)|α〉|e1〉|e2〉 − iVˆ † sin(λt
√
nˆ+ 1)|α〉|g1〉|e2〉
)
(38)
+
1√
2
(
cos(λt
√
nˆ+ 1)| − α〉|e1〉|g2〉 − iVˆ † sin(λt
√
nˆ+ 1)| − α〉|g1〉|g2〉
)
that, together with the atomic states identified above, give the purified state (11).
4. Conclusions
We have shown that the Jaynes-Cummings interaction when initial mixed states are
chosen may be modelled by some artificial Hamiltonians. In particular, we have seen that
the purification process that takes us from a mixed field density matrix to a pure wave
function that involves a four-level system, could be generated either by the interaction
between the field and a four-level atom or the field with a single two-level atom with
special entangled initial conditions with a second atom outside the cavity. Finally we
should mention that effects not present in the atomic inversion, were discovered in the
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field entropy for the initial field state given by an statistical mixture of coherent states,
namely the appearance of oscillations that indicate the collision of spots in phase space
(Wigner function). Collisions (and its effects) produced by different coherent states
that initially were in a superposition, had been known already [8]. However, effects by
collisions of coherent states from statistical mixtures, to the best of our knowledge, are
new.
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